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Abstract
We show that for each positive integer n, there are a group G and a subgroup H such
that the ordinary depth is d(H,G) = 2n. This answers the question posed by Lars
Kadison (see [10]) whether even ordinary depth larger than 6 can occur.
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1 Introduction
The notion of ordinary depth was originally defined for von-Neumann algebras, see [4].
Later it was also defined for Hopf algebras, see [12]. For some recent results in this direction,
see [6, 9, 5]. In [11] and later in [2], the depth of semisimple algebra inclusions was studied.
The ordinary depth of a group inclusion H ≤ G (denoted by d(H,G)) is defined as the
depth of the group algebra inclusion CH ⊆ CG, studied in [1]. We will use an equivalent
definition which is established in [2].
It is known that odd ordinary depth of a subgroup in a finite group can be arbitrarily
large: E. g., it is shown in [2] that the depth of the symmetric group Sn in Sn+1 is 2n− 1.
Lars Kadison posed the following question on his homepage, see [10]: Are there subgroups
of ordinary depth 2n where n > 3?
Examples of subgroups of depth 8 had been constructed earlier by the third author
with the help of the GAP system [3], see [8]. The first author found, again using GAP,
more examples of depth 8 and 16. In this paper, we construct examples of arbitrary large
even depth.
2 Ordinary depth
Let G be a finite group, H ≤ G a subgroup. We introduce the ordinary depth as follows.
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Two irreducible characters α, β ∈ Irr(H) are related, denoted by α ∼G β, if they are
constituents of the restriction χ|H , for some χ ∈ Irr(G). The distance dG(α, β) = m is
the smallest integer m such that there is a chain of irreducible characters of H such that
α = ψ0 ∼G ψ1 ∼G · · · ∼G ψm = β. If there is no such chain then dG(α, β) = −∞ and
if α = β then the distance is zero. If X is the set of irreducible constituents of χ|H then
m(χ) := max
α∈Irr(H)minψ∈X dG(α,ψ).
Definition 2.1. [2, Thm. 3.9, Thm. 3.13] Let H be a subgroup of a finite group G. The
ordinary depth d(H,G) is the minimal possible positive integer which can be determined
from the following upper bounds:
(i) For m ≥ 1, d(H,G) ≤ 2m + 1 if and only if the distance between two irreducible
characters of H is at most m.
(ii) For m ≥ 2, d(H,G) ≤ 2m if and only if m(χ) ≤ m− 1 for all χ ∈ Irr(G).
(iii) d(H,G) ≤ 2 if and only if H is normal in G, d(H,G) = 1 if and only if G = HCG(x)
for all x ∈ H.
Theorem 2.2. [2, Thm 6.9] Suppose that H is a subgroup of a finite group G and N =
CoreG(H) is the intersection of m conjugates of H. Then d(H,G) ≤ 2m. If N ≤ Z(G)
holds then d(H,G) ≤ 2m− 1.
3 A Series of Examples
In this section, we construct groupsHn ≤ Gn, for positive integers n, such that d(Hn, Gn) =
2n holds.
Let G be the symmetric group on four points, and N be its normal Klein four subgroup.
Set G1 = G, H1 = N . Then d(H1, G1) = 2, by Definition 2.1. Define for n ≥ 2
σn =
4∏
j=1
(j, j + 4, j + 8, · · · , j + 4(n − 1)),
Gn = 〈G,σn〉,
Hn = 〈N,G
σn , Gσ
2
n , . . . , Gσ
n−1
n 〉.
Let Cn denote the cyclic group of order n. Then Hn < Gn ∼= G ≀ Cn and
Hn ∼= N ×G
n−1 ≤ Gn < G ≀ Cn.
Let Nn = CoreGn(Hn), the largest normal subgroup of Gn that is contained in Hn. Then
N1 = N , and
Nn = 〈N,N
σn , . . . , Nσ
n−1
n 〉 =
n−1⋂
i=0
Hσ
i
n
n
2
is an intersection of n conjugates of Hn. By Theorem 2.2, we have d(Hn, Gn) ≤ 2n. Set
Kn = 〈G,G
σn , . . . , Gσ
n−1
n 〉 ≤ Gn.
Then Hn ≤ Kn ∼= G
n.
The character tables of N and G are as follows, where the columns are indexed by the
conjugacy classes of the elements g1 = (), g2 = (1, 3)(2, 4), g3 = (1, 2)(3, 4), g
′
3 = (1, 2, 3),
g4 = (1, 4)(2, 3) g
′
4 = (1, 3), g5 = (1, 2, 3, 4).
g1 g2 g3 g4
ν1 1 1 1 1
ν2 1 1 −1 −1
ν3 1 −1 1 −1
ν4 1 −1 −1 1
g1 g2 g
′
3 g
′
4 g5
χ1 1 1 1 1 1
χ2 1 1 1 −1 −1
χ3 2 2 −1 0 0
χ4 3 −1 0 1 −1
χ5 3 −1 0 −1 1
χ1|N = ν1
χ2|N = ν1
χ3|N = 2ν1
χ4|N = ν2 + ν3 + ν4
χ5|N = ν2 + ν3 + ν4
Set
Xn = {χi1 × χi2 × · · · × χin ∈ Irr(Kn); i1 ∈ {4, 5}, ij ∈ {1, 2, 3} for 2 ≤ j ≤ n}
and
Yn =
{
χGn ;χ ∈ Xn
}
.
Let Γ1 be the undirected graph with vertex set {4, 5} and edge set {{4, 5}}, Γ0 be the
undirected graph with vertex set {1, 2, 3} and edge set {{1, 3}, {2, 3}, {1, 2}}. For n ≥ 2,
let Γn be the Cartesian product of Γ1 and n− 1 copies of Γ0, that is, Γn has vertex set
{(i1, i2, . . . , in); i1 ∈ {4, 5}, ij ∈ {1, 2, 3} for 2 ≤ j ≤ n} ,
and there is an edge between (i1, i2, . . . , in) and (i
′
1, i
′
2, . . . , i
′
n) if and only if there is a
(unique) j such that ik = i
′
k for k 6= j and ij 6= i
′
j and either {ij , i
′
j} = {4, 5} or {ij , i
′
j} ⊂
{1, 2, 3}.
Lemma 3.1.
(i) Yn ⊆ Irr(Gn).
(ii) For ψ ∈ Yn and ψ
′ ∈ Irr(Gn), if ψ|Hn and ψ
′|Hn have a common constituent then
ψ′ ∈ Yn.
(iii) Let ψ = χGn, ψ′ = (χ′)Gn for χ, χ′ ∈ Xn. Then ψ|Hn and ψ
′|Hn have a common
constituent if and only if there is an edge between (i1, i2, . . . , in) and (i
′
1, i
′
2, . . . , i
′
n) in
Γn, where χ = χi1 × χi2 × · · · × χin and χ
′ = χi′
1
× χi′
2
× · · · × χi′n.
(iv) The distance of the vertices (4, 1, 1, . . . , 1) and (4, 2, 2, . . . , 2) of Γn is n− 1.
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(v) The distance of the characters αn := ν2 × χ1 × · · · × χ1, ωn := ν2 × χ2 × · · · × χ2 of
Hn is dGn(αn, ωn) = n.
Proof. For part (i), any χ ∈ Xn has inertia subgroup Kn inside Gn. Hence by Clifford’s
Theorem, see [7, Thm. 6.11], χGn is irreducible.
For part (ii), let ψ = χGn , where χ = χi1 × χi2 × · · · × χin ∈ Xn, that is, χi1 is
faithful and the other χij are not. The irreducible constituents of the restriction ψ|Kn
are the n conjugates of χ by σn, i. e., those characters where the n components of χ are
cyclically permuted. Thus each constituent has exactly one faithful component. Restricting
further to Hn, we get irreducible constituents where the first component is a nontrivial
character of N and all other components are non-faithful characters of G, and irreducible
constituents where the first component is the trivial character of N and exactly one other
component is faithful. Let ψ′ ∈ Irr(Gn) have the property that ψ
′|Hn and ψ|Hn have a
common constituent. If this constituent is of the first kind then inducing it to Kn yields
a character with first component χ4 + χ5 and all other components non-faithful. If the
common constituent is of the second kind then inducing it to Kn yields a character with
first component χ1 + χ2 + 2χ3 and exactly one other component faithful. In both cases,
the constituents are cyclic shifts of characters in Xn, thus inducing further from Kn to Gn
yields characters all whose irreducible constituents lie in Yn. Now note that ψ
′ is one of
them.
For part (iii), note that there is an edge between (i1, i2, . . . , in) and (i
′
1, i
′
2, . . . , i
′
n) in Γn
if and only if χi1×χi2×· · ·×χin and χi′1×χi′2×· · ·×χi′n differ in exactly one component χij ,
χi′
j
, such that χij |N and χi′j |N have a common constituent. As in part (ii), this happens if
and only if ψ|Hn and ψ
′|Hn have a common constituent.
For part (iv), observe that any shortest path from (4, 1, . . . , 1) to (4, 2, . . . , 2) in Γn
replaces in each step exactly one 1 by a 2.
For part (v), fix n and let αn ∼Gn ψ1 ∼Gn ψ2 ∼Gn · · · ∼Gn ψm ∼Gn ωn be a shortest
path of related characters in Irr(Hn), of length m+ 1. Then ψ1 is a constituent of (χ4 ×
χ1 × · · · × χ1)|Hn and ψm is a constituent of (χ4 × χ2 × · · · × χ2)|Hn , by part (i). Thus
the distance of (4, 1, 1, . . . , 1) and (4, 2, 2, . . . , 2) in Γn is at most m, and part (ii) implies
m ≥ n− 1. Conversely, any path of length n− 1 between (4, 1, 1, . . . , 1) and (4, 2, 2, . . . , 2)
in Γn yields a path of related characters from αn to ωn, of length n, hence m+ 1 = n. 
Theorem 3.2. With Gn and Hn as defined above, we have d(Hn, Gn) = 2n.
Proof. We know that d(Hn, Gn) ≤ 2n, and by Definition 2.1, it suffices to show that Irr(Hn)
contains two characters of distance n. The characters αn, ωn constructed in Lemma 3.1
have this property. 
Remark 3.3. With the same approach and with G = G1 as above, one can construct also
the following examples.
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• If σn and Gn are as above, H1 ∈ Syl2(G), and Hn = 〈H1, G
σn , Gσ
2
n , . . . , Gσ
n−1
n 〉 then
d(Hn, Gn) = 4n.
• If σn =
∏2n+1
j=1 (j, j + 2
n+1), Gn+1 = 〈Gn, σn〉 ∼= Gn ≀ C2, H1 ∈ Syl2(G), and Hn+1 =
〈Hn, G
σn
n 〉
∼= Hn ×Gn then d(Hn, Gn) = 2
n+1.
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